Abstract. This article grows out of some questions about harmonic and holomorphic maps between two bounded symmetric domains. The main result is an attempt to study foliations associated to a lattice-equivariant harmonic map of small rank from a complex ball to another. The result is related to rigidity of some complex ball quotients. Some open questions are raised as well.
1. Introduction 1.1 In complex geometry, harmonic map is an important tool in the study of rigidity in the last few decades. A celebrated result of Siu [Siu1] [Siu2] states that a harmonic map Φ : M → N between Kähler manifolds with rank R (Φ) sufficiently large is holomorphic or conjugate-holomorphic as a result of ∂∂ Bochner formula. A natural question is to study the same problem when rank R (Φ) is smaller than a critical value.
The problem is particularly interesting in the special case that N is a Hermitian symmetric space of non-compact type. In such case, the universal covering N of N is also a bounded symmetric domain and is classified by E. Cartan. We know that there are six types of bounded symmetric domains denoted by D C ) + 1 = 3 and we only need to worry about the cases that rank R (Φ) 2 from the results of Siu mentioned above. In such case, there are results which show in various situations that a fibration with compact leaves exists M , such as in [Siu3] and [CT] . We refer the reader to [Mo1] and [JY] for other results related to fibrations coming from harmonic maps.
Suppose we consider now that M is a compact manifold or a non-compact manifold of finite volume. Let M be the universal covering of M . Consider now a π 1 (M ) equivariant harmonic map from M to N . Then even if we have an answer for Question 1, a holomorphic fiber on M may not descend to a subvariety on M , but rather a foliation, possibly with singularities. A specific question is the following.
Question 2. Let M and N be complex balls possibly of different dimension. Let Γ be a cocompact lattice in Aut( M ), the automorphism group of M . Let ρ : Γ → Aut( N ) be a homomorphism. Let Φ : M → N be a ρ-equivariant harmonic map with small rank R (Φ). Does a generic fiber of Φ descends to complex subvariety or foliation on M ?
1.2 In this paper we only investigate the simplest such situation in which the domain and the image M and N are complex balls with dim R ( M ) = 2 and dim R (Φ( M )) = 1 or 2 respectively. In fact, we would study in details only the case that M has the smallest possible Euler number, namely 3.
Theorem 1. Let M be a compact complex two ball quotient with c 2 (M ) = 3. Let Φ : M → B 1 C be a non-constant Γ-equivariant holomorphic map. Then the fibers of Φ descends to compact algebraic curves on M . Moreover, the fibers comes from the fibers of a fibration f : M → R to a projective algebraic curve R.
The proof actually depends on two steps. First of all, using results of Simpson [Sim] on complex variation of Hodge structure, see also related earlier work of [Siu3] , [CT] and [JY] , we prove that the fiber of Φ on M are analytic curves. The fibration on M descends to gives rise to a holomorphic foliation on M . The second step is the main task in this paper. We need to show that a leaf of the foliation is compact to arrive a contradiction. This requires a delicate analysis of the associated holomorphic foliation, possibly with singularities, on a complex two ball quotient. As an application, we obtain the following result.
C /Γ be a compact complex two ball quotient with c 2 (M ) = 3. Denote by M ∼ = B 2 C the universal covering of M . Let ρ : Γ → P U (2, 1) be a rigid reductive representation. Then there exists a Γ-equivariant holomorphic map Φ : M → B 2 C of complex rank 2. Theorem 2 has applications to problems in rigidity for complex hyperbolic lattices of small covolume. In fact, it provides some missing details in the proof of Archimedean rigidity in [Y3] . We refer the readers to §4.2 for more details.
1.3
Here is the organization of the paper. In §2, we recall some basic facts about complex two ball quotients of small Euler numbers. §3 is the main part of this paper, where we study a foliation on M derived from a harmonic map, and prove that actually leaves of the foliation are compact. The result was used in §4 to give some conclusions about rigidity properties. §4 also gives correction of some statements in [Y3] and provides some details for the arguments in [Y3] . Some concluding remarks and problems related to questions raised in this article are given in §5.
It is a pleasure for the author to thank Domingo Toledo for helpful discussions and comments.
Preliminaries on ball quotients of small Euler numbers
2.1 Since we are mainly concerned with complex two ball quotients with small Euler number in this article, we collect in this section some general facts about the Euler number of complex two ball quotients. Most of the results mentioned in this section are known. By a complex two ball quotient, we are considering
, where Γ is a torsion-free lattice of P U (2, 1), which is the automorphism group of B 2 C . In particular, M is a smooth projective algebraic manifold. From explicit Chern form computations, there is the well-known Chern number identity c (b) There exists a sequence of complex ball quotients M i with c 2 (M n ) = 3n for all n ∈ N, the set of natural numbers.
Proof (a) can be deduced easily from Riemann-Roch Formula. We refer the readers to [Y2] or [Y3] for some elaborations.
For (b), there exist smooth complex ball quotients M with c 2 (M ) = 3 provided by fake projective planes, which are compact complex two ball quotients with Betti numbers the same as the projective plane and hence the first Betti number is trivial. Cartwright and Steger show in [CS] that there exists a compact complex ball quotients with c 2 (M ) = 3 and h 1 (M ) = 1. Since H 1 (M, Z) is the abelianization of π 1 (M ), we have the following homomorphism.
(1)
Now Γ n := ker(f n ) is a lattice from which M n := B 2 C /Γ n satisfies c 2 (M n ) = 3n. The above argument is given in [CS] .
Consider now (c). Since b 1 (M ) = 2 for the Cartwright-Steger surface M , holomorphic one forms on M can be pulled back by the natural projection map to give non-trivial holomorphic one forms on M n for each M n mentioned in (b).
2.2
We remark here that there is a corresponding statement for quotients of complex two ball B 2 C by cofinite neat lattices in P U (2, 1). We do not consider cofinite lattices in this article, but clearly Questions 1 and 2 can be phrased for such locally Hermitian symmetric spaces as well.
Recall that a lattice Γ is said to be neat if the subgroup in C * generated by eigenvalues of elements of Γ as matrices in general linear group is torsion-free. In such case, we define the Chern numbers c 
There exists a sequence of complex ball quotients M n with c 2 (M n ) = n for all n ∈ N, the set of natural numbers.
Proof (a) Since M is a complex two ball quotient, by looking at the Chern forms, we know that c 2 = M C 2 = 1 3 M C 1 ∧ C 1 > 0. It is well-known from [AMRT] and [Mo2] that there exists a smooth toroidal compactification M = M ∩ i T i of M obtained by attaching torus or tori T i to the ends of M ,where T i are disjoint. It is also well-known that c 2 (M ) = c 2 (M ) − i e(T i ) = c 2 (M ) are integers, where e(T i ) denotes the Euler number of T i . Hence c 2 (M ) is a positive integer and is 1. T i · T i < 0 as they are contractible. A cofinite neat arithmetic lattice Γ with c 2 (M ) = 1 was given by Parker [P] , see also [H] .
For part (b), we denote D = i T i the compactification divisor. Let K = K M be the canonical line bundle of M . It is well known from the growth of the Poincaré metric near D, cf. [Mu] , that
where in the last step we used the fact that 
(d) follows by pulling back holomorphic one forms from M 1 = M .
Foliation and harmonic map
3.1 Throughout the section, we assume that
C be a non-constant holomorphic map. Observe now that if a fiber η of Φ has multiplicity more than 1, the image of the fiber η must be a closed curve in M . In fact, if the image of η is not a closed curve on M , it would have some limit points in M along some local transverse cross section to the foliation. This implies that Φ has multiplicity greater than 1 for a generic fiber of Φ, a contradiction. Hence multiple fibers correspond to compact invariant curves of the vector field on M , and there are at most a finite number of those leaves, denoted by E 1 , . . . , E k .
We observe that ker(dΦ) defines a foliation F on M and hence on M , defined by Φ * dw = 0, where w is a local holomorphic coordinates at a point on Φ( M ). The expression dΦ is non-degenerate on M \ ∪ k i=1 E i apart from a finite number of points. The foliation on M \ ∪ k i=1 E i is non-degenerate generically and extends naturally across ∪ k i=1 E i to give a foliation F with a finite number of singularities on M . This is essentially the same as the foliation obtained from dΦ, but neglecting the multiplicities of the closed curves ∪ k i=1 E i . In other words, we consider the saturation of a foliation if it is defined locally by holomorphic one forms or vector fields as described in page 11 of [Br2] . Hence we denote by Sing(F ), the singularity set of F , a discrete set of points.
We refer for example to [Br1] for standard notations about holomorphic foliations on a complex surface. There is a short exact squence
which is dual to
F → 0 after tensoring with K M , where N F is the normal bundle to the foliation, and I Z is the ideal sheaf with support on the singularity of the foliation.
There is an associated long exact sequence
C be a non-constant Γ-equivariant holomorphic map as above. Then unless h 0 (M, N * F ) = 0 and h 0 (M, Ω M ) 1, the fibers of Φ descend to hyperbolic projective algebraic curves on M .
and the Castelnouvo-de Franchi argument, cf. [BHPV] , lead to the conclusion that the foliation comes from a holomorphic fibration over a curve of genus at least 2. In such case, the fibers are all curves on M and we are done.
Suppose
Denote by the same symbol its pull-back to M . From definition, ω annihilates the tangent vectors to fibers of Φ on M . We claim that any leaf of F must be compact. Suppose on the contrary that a leaf
Let V be a small coordinate neighborhood of o in C and z be a coordinate function on V . Then Φ −1 (V ) is a neighborhood of L. As both π * ω and Φ * dz annihilate tangent vectors to L on M , we know that in a neighborhood of L, π * ω = f Φ * dz for some function f which is holomorphic along L. Taking exterior derivative
In other words, we may regard
In particular, this holds for η = h(z)dz, where h is a holomorphic function on V with h(o) = 1.
Denote U = Φ −1 (V ). Let W be a small coordinate neighborhood of M which has non-empty intersection with U . Since L is dense on M , we may assume that the image π(U ∩ W ) contains an infinite number of disconnected pieces
where we identify π −1 (L 1 ) with L on W . As remarked above, the same argument shows that π
on L 2 , we immediately reach a contradiction. Hence all the leaves of F on M are compact. It follows that Φ induces a fibration p : M → R to an algebraic curve R of genus at least 1, as in the proof of the classical Castelnouvo-de Franchi Theorem mentioned above, see also Proposition 6.2 of [Br2] . The fibration lifts to a fibration p : M → R. Since the fibration in this case is actually the original one induced from Φ, which is Γ-equivariant, it follows that there is an induced covering map q : C = Φ( M ) → R. As Γ acts freely on M , Φ * Γ acts faithfully on C as well. We conclude that the Poincaré metric of C descends to R. Hence R is hyperbolic and has to be of genus at least 2. Again we are done in this case.
Consider now the case that
From the long exact sequence studied above, we know that h 0 (M, I Z T * F )−dimIm(β) 2. Hence we may find two linearly independent elements
F is one dimensional, we may write ω 1 = f ω 2 . Clearly ω 1 ∧ ω 2 = 0. Castelnouvo-de Franchi Theorem implies that there is a fibration of M over a curve R of genus at least 2. This concludes the proof of Lemma 1.
3.3
We may now proceed to the proof of our main theorem.
Proof of Theorem 1 Since M is a compact complex two ball quotient, we know that c 
and hence the second Betti number b 2 = 1. It follows from Hodge Decomposition that h 1,1 = 1. Let ω C be the Kähler form of the Poincaré metric on C. Since the pull-back Φ * ω C is Γ-invariant and descends to M , it has to be a non-trivial multiple of ω M , the standard Kähler form on M . Here we use the fact that h 1,1 = 1. This however contradicts the fact that π * ω C ∧ π * ω C = 0 as C has dimension 1.
Hence we may assume that h 0 (M, Ω M ) = 1 and h 0 (M, N * F ) = 0. Similar to the discussions in the last paragraph, if h 1,0 = 1, we would have h 1,1 = 3. From the long exact sequence in 3.1, it follows that h 0 (M, I Z T * F ) − dim(Im(β)) = 1. In this case, there is a non-trivial Albanese map alb : M → E, an elliptic curve generated by the holomorphic one form θ ∈ H 0 (M, Ω M ). As θ can be considered as an element in H 0 (M, I Z T * F ), the fibers of alb is actually transversal to the leaves of F generically. Recall that we have the following Euler number identity for fibration as given in [BPHV] , pp 157,
where M s is a generic fiber and the sum is taken over the finite number of singular fibers M so of π, of which each n so = e(M so ) − e(M s ) is a non-negative integer, and is positive unless M so is a multiple fiber with (M so ) red a nonsingular elliptic curve (cf. [BHPV] , page 118). Applying the above identity to our Albanese fibration, we know that the contribution of the singular set Z alb of alb is given by i∈Z alb δ alb,i = 3. Since θ can be considered to be living in H 0 (M, I Z T * F ), we know that the singularity set of the foliation Z ⊂ Z alb .
We now consider the singularities of F . Recall an invariant of foliation introduced by Baum-Bott in [BB] , see also [Br1] for details in the following setting. In a neighborhood of a singular point p ∈ Sing(F ), we may suppose that F is generated by a vector field v given in local coordinates by v(z, w) = F (z, w)
is a non-negative integer. Define
From [BB] , see also Proposition 1 of [Br1] , we know that
It follows from the equation that
Note that apart from the finite number of singular points, the normal bundle N F can be locally represented by the lift of the tangent vectors to the base of the fibration Φ : M → C. From Riemann-Roch formula for T F on M, it follows that
is an even integer. Hence as c 2 (M ) = 3 and Det(F ) 0, identity (6) implies that c 1 (T F ) · c 1 (N F ) = 2 and Det(F ) = 1, the latter implies that there is only one singularity Q for F , with Milnor number 1.
From the earlier discussions, we conclude that Q ∈ Z alb . As i∈Z alb δ alb,i = 3 and the singularity of Q can only contribute 1 to the sum, we conclude that there is at least one more point, say Q ′ ∈ Z alb \Z F . Since by construction, the foliation is smooth around Q, we may choose a local coordinate system (x, y) ∈ W centered at Q ′ so that leaves of the foliation are given by y = c, a small constant. In such a coordinate, we may write θ = f dx for some local holomorphic function f on W . As θ vanishes at Q ′ , it follows that f has a non-trivial zero divisor passing through Q ′ on W . Since θ is is the pull-back of a one form on the elliptic curve E by the Albanese map alb : M → E, this is possible only if alb contains a singular fiber. In other words, θ contains a multiple fiber.
Recall now the expression (4) with respect to the Albanese fibration. Consider first the contributions from multiple fibers. For a multiple fiber s o , the expression n so is positive unless the reduced M so is an elliptic curve, which is not possible as M is hyperbolic. In such a case, the fact that we have a small Euler number 3 implies that a multiple fiber M so has just one reduced irreducible component D so and we may write M so = α so D so for some α so 2, cf. Corollary 2 in 5.3 of [CKY] . Note that n so = 2(g(M so ) − g(M s )) and 2(g(M s ) − 1) = 2α so (g(D so ) − 1). It follows that n so = 2(α so − 1)(g(M so ) − 1). Since g(D so ) 2 and α so 2, we conclude from (4) that there is precisely one multiple fiber M so , and furthermore, g(D so ) = 2 and α so = 2. There is also the contribution of Q to the formula (4). The point Q cannot lie on M so , for otherwise the normalization of D so would have genus at most 1 and would not be hyperbolic.
It follows from our setting that θ/ξ is precisely an element in H 0 (M, I Z T * F ), where ξ is the canonical section of D so . Hence T * F = π
* Ω E + D so and
where we used the fact that c 1 (Ω E ) = 0. Now we observe that the foliation is defined on M by the fiber of Φ. Hence the Chern form c 1 (N * F ) of N * F on M is the pull-back of a (1, 1)-form on C, which is of dimension 1. Hence the pointwise product c 1 (N *
where we have used the identity (7). This however contradicts the fact that c 1 (
, an odd number. The contradiction rules out the case of h 0 (M, Ω M ) = 1 and h 0 (M, N * F ) = 0. The rest follows from Lemma 1.
3.4
We now proceed to the proof of second main result.
Proof of Theorem 2
From the classical results of Eells-Sampson and its more recent generalizations, cf. [ES] , [L] , we know that there exists a ρ-equivariant harmonic map from Ψ : M → N , where N ∼ = B 2 C and ρ(Γ) ⊂ Aut( N ) = P U (2, 1). Suppose that rank R (Ψ) 3, we may apply the result of Siu [Siu1] , [Siu2] to conclude that Ψ is either holomorphic or conjugate-holomorphic as remarked §1. In the latter case, we take the complex conjugate of the image so that Ψ becomes holomorphic. In such case, Ψ is a holomorphic mapping of complex rank 2.
Suppose that rank R (Ψ) = 1. Then Ψ is a totally geodesic curve ℓ in N according to a result of Sampson [Sa] . It follows from our assumption that Γ is Zariski dense and the action at ∂B 2 C does not have fixed points since ρ is reductive, we conclude that it cannot happen that rank R = 1. We refer the reader to [CT] , §7 for more elaborations. Hence it suffices to rule out the case that rank R (Ψ) = 2.
Let us now study Ψ from a slightly different point of view. From Lemma 4.5 of [Sim] , ρ comes from a complex variation of Hodge structure. Hence ρ induces an equivariant holomorphic mapping Φ : M → S such that Ψ = p • Φ, where S is a Griffiths's period domain over N and p : S → N is the projection map. The only choices of S over B 2 C = P U (2, 1)/P (U (2) × U (1) are P U (2, 1)/P (U (2) × U (1) or P U (2, 1)/P (U (1) × U (1) × U (1). The first case shows that Φ = Ψ is holomorphic. In the second case, the image Φ( M ) lies in a horizontal slice of P U (2, 1)/P (U (1) × U (1) × U (1) and hence has to lie in P U (2, 1)/P (U (2) × U (1) and we conclude that
Hence the fibers of Φ and hence Ψ are complex curves. Note that the image has to be a complex curve C in B 2 C . By considering normalization if necessary, we may assume that C is a smooth hyperbolic curve with a metric induced from B 2 C . In either case, we claim that for a mapping Ψ or Φ as above, all the fibers descend to compact complex curves on M . For simplicity of presentation, we may just regard Ψ as Φ in the first case above, and we have a ρ-equivariant holomorphic map Φ : M → C. Theorem 1 implies that there is a fibration f : M → R over a hyperbolic projective algebraic curve R such that f is a fibration. Now Euler formula for fibrations as in (4) implies that e(M ) = e(R)e(M s ) + so n so ,
As e(M s ) 2 and e(R) 2 due to hyperbolicity, we reach a contradiction since e(M ) = 3. Hence we conclude that rank R (Ψ) = 2. It follows that Φ is a holomorphic map of complex rank 2.
Remark The requirement that ρ is rigid is not really needed, since from Theorem 3 of [Sim] , we know that ρ can be deformed to a representation ρ o : Γ → P U (2, 1) which comes from a complex variation of Hodge structure. Proof Denote by C 1 ( N ) and C 2 ( N ) the first and the second Chern forms associated to the Poincaré metric on N . Let Σ be a fundamental domain of M in M . First of all, we claim that
are positive integers. The identities above hold since the integrants are equivariant under Γ and hence descend to M . Clearly the first integral
as Chern number of the pull-back line bundle. Now it is well known that on any complex surface S with p : P (S) → S the projection map of the projectivized tangent bundle, there is pointwise identification as a differential form
The mapping Φ induces a mapping between the corresponding projectivized tangent bundles which implies that P M Φ * C 1 (L) 3 ∈ Z. Using the identity above and the
the Chern forms of the bundles are positive on N in terms of the Poincaré metric there. Hence the integrals are positive as well. The claim is proved. In the following, for simplicity of notations, we denote Φ * c 2 = M Φ * C 2 ( N ) and
As the Chern forms of the Poincaré metric on M satisfies C 2 1 = 3C 2 pointwise on the form level, we conclude that Φ * c 2 1 = 3Φ * c 2 and hence is a multiple of 3.
Assume that Φ is not a biholomorphism. Then the ramification divisor R of Φ is non-trivial. We may write R = k i=1 b i R i , where R i 's are the irreducible components and b i is the ramification order along R i . From Riemann-Hurwitz Formula,
In the above, we have used
From equation (9), we conclude that Φ
, where the first term is non-negative and the second term is positive. Note also that Φ * K N · R = (−R + K M ) · R is even after applying Riemann-Roch to R on M . Hence one of the following holds,
For Case (a), R has to be contracted by Φ since K N is positive from Hodge Index Theorem. This is possible only if R · R is negative from contraction criterion on surface, which would violate equation (11) after taking intersection with R. For Case (c),
From Adjunction formula, it follows that the genus of R is 1, which violates the fact that M is hyperbolic. Hence only (b) is possible, with R · R = 2 as a consequence.
As −Φ * c 1 ( N ) · R = 2, it is easy to see that there can at most be two irreducible components in R. First assume that there are two irreducible components R 1 and R 2 in R. The above constraint leads to −Φ * c 1 ( N ) · R i = 1 and b i = 1 for i = 1, 2. For each i, R i · R i > 0, for otherwise the Adjunction Formula implies that R i has genus less than 2, contradicting the fact that M is hyperbolic. It follows that R i · R i = 1 for i = 1, 2 and R 1 · R 2 = 0. But this implies again from Riemann-Roch for
is even and positive. Similarly −Φ * c 1 (N ) · R 2 is positive and even. This contradicts the earlier conclusion that 2 = −Φ * c 1 (
. Hence we may assume that R = R 1 has one irreducible component. It is known that the fundamental domain Σ can be taken as a polyhedron and Poincaré Polyhedron Theorem holds, with a finite number of faces in the boundary ∂Σ. The faces of ∂Σ are identified by actions of elements γ 1 , · · · , γ k in Γ to give rise to a compact manifold isometric to M . Similarly, the boundary components of Φ(Σ) are identified by induced actions of γ 1 , · · · , γ k . By identifying the corresponding boundary components, we get a compact topological space Φ(Σ). From the earlier discussions, Σ is a two-fold branched cover of Φ(Σ). Since any two fold covering is a Galois covering, Φ(Σ) is obtained from Σ by a Z 2 quotient.
As R = R 1 is fixed by an automorphism of M coming from the generator of the Z 2 action, we conclude that R is totally geodesic. However, for a totally geodesic curve R 1 on a complex two ball quotient with possibly self-intersection, we have the formula K M · R 1 = 3(g(R 1 ) − 1), whereR 1 is the normalization of R 1 , cf. Lemma 6 of [CKY] . This violates our conclusion in (b) that K M · R = 4. The contradiction implies that Φ is a biholomorphism and hence Lemma 2.
We remark that Domingo Toledo [T] mentioned us that Lemma 4 was known to him with a different proof.
4.2
In the following subsections, we would like to use the results above to give details for some unexplained results in the published version of [Y3] . we recall the following theorem studied in [Y3] .
C /Γ be complex two ball quotient with c 2 (M ) = 3. Then Γ is arithmetic. Moreover, M is either a fake projective plane or a CartwrightSteger surface. Hence there are altogether 102 such surfaces.
We refer to the reader to [Y1] , [Y3] for unexplained terminologies in this section. There are the following main steps in the proof of Theorem. The first is on the integrality of Γ, the second is on Archimedean rigidity of Γ, and the third is on classification of such surfaces following the work of [PY] and [CS] .
We refer the reader to [Y3] or its updated version in the web for a proof of integrality of Γ. Here the image of Γ lies in an algebraic group G defined over a number field k so that with respect to the identity embedding σ 1 : k → C, the real points of G is isomorphic to P U (2, 1).
After we know that Γ is integral, to prove that Γ is arithmetic, we need to prove Archimedean rigidity statement as given in [Y1] or [Y3] , which amounts to proving that G σ , the set of real points of G with respect to another Archimedean embedding of k in C, is compact. The only situation that G σ is non-compact is that G σ ⊗ R ∼ = P U (2, 1) and hence the induced homomorphism
C , where K σ is a maximal compact subgroup of G σ . The proof of the second step in [Y3] depends on the fact that Φ is a holomorphic map, the details of which is however not provided in [Y3] . The details now follow from Theorem 2 and Lemma 2 obtained in this paper, since the ρ involved is rigid, following from the fact that the inclusion of Γ in G ⊗ R is locally rigid from Weil's Local Rigidity Theorem, cf. [W] .
The third step is a direct consequence of the work of [PY] and [CS] , which cover more than just fake projective planes.
4.3
In this subsection, we elaborate on the statement of [Y3] that there are altogether 102 smooth complex two ball quotients with c 2 = 3. This includes 100 fake projective planes and two Cartwright-Steger surfaces, we need to prove that the complex conjugate of a Cartwright-Steger surface is not biholomorphic to itself. The corresponding statement was known for fake projective planes from [KK] . It is stated in [Y3] that a similar proof works for the Cartwright-Steger surface. Here we would like to provide the details. We remark that geometric properties of the Cartwright-Steger surface have been analyzed in [CS] and [CKY] .
It is known from the work of Cartwright Steger that the automorphism group of the surface has order 3. From definition, a Cartwright-Steger surface has h 1 = 1. Suppose on the contrary that there is a complex conjugate diffeomorphism λ on the surface. It follows that either λ or λ 3 is a conjugate involution, which has a totally real manifold as the fixed point set F . From the first few paragraphs in the proof of Theorem 1 in 3.3 , we know that h 1,1 = 3. Hence it follows from Lefschetz Fixed Point Formula that F contains a component which is one of the followings, sphere S 2 , real projective plane P 2 R , two-torus T 2 or P R #T 2 which has a two fold cover that is T 2 . Neither of the first two cases is possible. In fact, the lift F of either set to the universal covering M ∼ = B 2 C ⊂ C 2 has to be compact. The square of the Euclidean distance function with respect to the origin on M ,
, is convex with respect to the Killing metric and hence the restriction of d E (0, z) 2 to F is constant by the Maximum Principle. However as B 2 C is homogeneous, we may identify the origin 0 of B 2 C as an arbitrary point on M and repeat the same argument to conclude that F is a point, a contradiction. For the latter two cases, by considering a harmonic map from T 2 to M induced by the immersion, the same argument together with Pressman's Theorem (cf. [CE] ) leads to a contradiction as well. Hence there are precisely two Cartwright-Steger surfaces up to biholomorphism.
4.4
Here we would also make another correction to the published version of [Y3] . First of all Lemma 1 of [Y3] was incorrect and should be discarded. Originally, Lemma 1 of [Y3] was used in Step two above, but it is no longer needed with the argument of Archimedean rigidity above. Secondly, §4 of [Y3] , which is supposed to eliminate the case of h 1 (M ) = 2, should be removed, since Lemma 2 was not correct. For the proof of the main theorem of [Y3] , which is Theorem 3 above, it suffices to modify the rest of the argument for Step 1 handle the case of h 1 (M ) = 2. We refer the reader to the last paragraph of 5.4 of the revised version of [Y3] for details.
Concluding remarks
5.1 In the study of rigidity problems for complex ball quotients, it is an interesting and important problem to deduce holomorphicity or anti-holomorphicity of a harmonic map. The main result of this paper shows that this is possible in the case that M has the smallest possible Euler number 3. It would be interesting to investigate if the restriction to the smallest Euler number can be removed. It is not known even if we allow c 2 (M ) to be 3n with n = 1 small as mentioned in Proposition 1. The case for cofinite complex two ball quotients has not been studied as well. In such case, the possible Euler numbers take the values of all possible integers as given in Proposition 2. At this point, Question 2 and its analogue for cofinite lattice of P U (n, 1), are essentially completely open.
5.2
Comparing to known techniques in the study of rigidity problems, the main contributions in this paper is perhaps the study of the foliation in terms of constraints given by Chern numbers. In general we lack a good criterion to force algebraicity of leaves of foliation. Any non-trivial results in this direction may give significant implications for different problems in geometry.
5.3
For Question 1, to the knowledge of the author, not much is known in general. Known techniques in this direction include the work of [CT] and [Sim] . We may confine our discussions to the situations that M and N are compact. It would be desirable to explore the borderline cases with rank R = 2p(N ) first.
We remark that if M is a locally Hermitian symmetric spaces of rank at least 2 and N is a manifold of non-positive Riemannian sectional curvature, such a mapping Φ has to be a totally geodesic isometry, following geometric superrigidity argument as in [MSY] . Note that a holomorphic map between Kähler manifolds is necessarily harmonic with respect to the Kähler metrics.
5.4
Related to the earlier problems, we may also consider the problem of distinguishing a holomorphic isometry from a totally geodesic isometry as a mapping between two bounded Hermitian symmetric domains. For this active area of research, an interesting reader may consult [Mo3] for a survey and references of recent results.
